The way doping affects the spin wave stiffness and the exchange stiffness of permalloy (Py) is investigated via ab-initio calculations, using the Korringa-Kohn-Rostoker (KKR) Green function formalism. By considering various types of dopants of different nature (V, Gd, and Pt), we are able to draw general conclusions. To describe the trends of the stiffness with doping is it sufficient to account for the exchange coupling between nearest neighbors. The polarizability of the impurities is not an important factor for the spin wave stiffness. Rather, the decisive factor is the hybridization between the impurity and the host states as reflected by changes in the Bloch spectral function. Our theoretical results agree well with earlier experiments.
I. INTRODUCTION
The modification of the properties of magnetic materials by doping is a promising and intensively studied way to make progress in device technology and spintronics. One of the widely studied materials in this respect is permalloy Fe 19 Ni 81 . It attracts attention because of its high magnetic permeability but also because of its transport properties, which are characterized by a high and low electrical conductivity in the majority and minority spin channels, respectively.
When studying the spin dynamics of materials, the continuum approximation can be often employed. It assumes that the angle of the magnetization changes slowly over atomic distances so that the spin vectors can be replaced by a continuous function m(r). The exchange energy is then [ 
Here, the exchange stiffness constant A ex is closely connected to the spin wave stiffness constant D via [1] A
where M s is the saturation magnetization, g is the Landé factor (g ≈ 2 for metals) and µ B is the Bohr magneton. The spin wave stiffness constant D is linked to the long wavelength limit of the acoustic mode of magnon dispersion [2] ,
where ǫ(q) is the magnon energy and q is the corresponding wave vector. Recent interest in the spin wave and/or exchange stiffness of doped permalloy (Py) has been motived both by fundamental science and by potential applications. Yin et al. [3] studied the magnetic properties of Py doped with noble metals Ag, Pt, and Au and found a good agreement between theoretical and experimental values of A ex for dopant concentrations 10-30 %. In another study the effect of doping Py by 4d and 5d elements on the stiffness was studied theoretically for modest concentrations (5-15 %) but corresponding experimental data for comparison are lacking [4] . On the other hand, experimental data are available for Py doped with V, Gd, and Pt with concentrations from 1 % to 10 % thanks to the works of Lepadatu et al. [5, 6] and Hrabec et al. [7] .
Tailoring magnetic properties by alloying and doping is one of the very active fields in materials science. It would be useful to understand better the mechanism how different dopants affect the spin wave and exchange stiffness. In particular, it was suggested that the polarizability of the dopant may be an important factor [3, 7] . This should be checked and assessed against other possible factors, such as hybridization between host and dopant states. Another question is whether the trends of the spin wave stiffness D and the exchange stiffness A ex with the composition of an alloy system are always the same. The studies often focus either on one quantity or the other. Given the relation Eq. (2) between D and A ex this may be appropriate but then again it is possible that some dopants will have the same influence on D but different influence on M s , implying that the trends of D will be similar for these dopants but the trends of A ex will differ. Finally, for practical applications it would be helpful to have a simple model or ansatz that would enable a quick estimate how the stiffness will change upon a particular doping.
To address these questions, we present here results of an ab-initio study of the spin wave stiffness and the corresponding exchange stiffness for Py doped with V, Gd, and Pt. These dopants have quite different electronic and magnetic properties in many respects. Here, the electronic structure is calculated relying on spin-density functional theory. For the Gd dopant the open core formalism is employed. The exchange coupling constants are then obtained and the D and A ex constants are evaluated and compared to experiment. The influence of the magnetic properties of the dopants is discussed and analyzed. Moreover, it is shown that the effect of doping on D can be parametrized either in terms of the mean-field critical temperature or in terms of the nearest-neighbor coupling. Densities of states and Bloch spectral functions are evaluated and compared to monitor the hybridization between the host and dopant states.
II. THEORETICAL SCHEME
A. Evaluation of the stiffness constants
If the system can be described by a Heisenberg Hamiltonian
withê i being a unit vector characterizing the orientation of the magnetic moment for the atom i and J ij being the exchange coupling constant, the spin wave stiffness constant D can be expressed as a sum [8, 9 ]
where µ j is the magnetic moment of atom j and R 0j the corresponding inter-atomic distance. Eq. (5) was originally derived for systems containing atoms of one type only. The sum over the atoms j converges only conditionally, so an additional damping factor has been introduced which enables evaluation of Eq. (5) by extrapolating the partial results to zero damping [9] . Recently the applicability of Eq. (5) was extended to multicomponent systems [4, 10, 11] . In our case we are dealing with doped Py so we have atoms of three different types located on lattice sites of an fcc structure. If we label atomic types by α and lattice sites by j, the spin wave stiffness constant D can be evaluated as
where c α and µ α are the concentration and the magnetic moment of atoms of type α, J (αβ) 0j
is the pairwise exchange coupling constant if an atom of type α is located at the lattice origin and an atom of type β is located at the lattice site j, R 0j is the distance of the site j from the lattice origin, η is the damping parameter and R 01 is the nearest-neighbor interatomic distance.
When evaluating the sums in Eqs. (7)- (8) , one should keep in mind that the magnetic moments are not all of the same nature. Namely, the moments of the V and Pt atoms do not originate from the atoms themselves but are induced by the neighboring Fe and Ni atoms. Thus, they cannot be treated as independent entities when describing the tilting of the magnetic moments. This point was recognized in the past, for example, in connection with efforts to describe the temperature-dependence of magnetism of compounds such as FePt [12] , FeRh [13] or NiMnSb [14] . A thorough discussion and a way to solve the problem by treating the induced moments via the linear response formalism can be found in [15] . In our case the situation is different because we are interested in the spin wave stiffness for T =0, which is determined by the energetics of spin waves in the long-wave-length limit, where the angles between the spins are very small and the corresponding decrease of the induced magnetic moments will be also very small.
Reckoning all this, we deal with the moments on V and Pt atoms in a hybrid way: we include them in the β -sum in Eq. (8) but not in the α -sum in Eq. (7). The V and Pt moments are thus supporting the orientations of magnetic moments at the Fe and Ni atoms but they themselves do not contribute to D directly. To get more insight into the role of the dopant moments, we present further on in Sec. III A also the results obtained when the moments at the dopants were ignored completely in Eqs. (7)- (8) and when they were treated equally as the moments at Fe or Ni atoms, i.e., fully included both in the α -sum in Eq. (7) and in the the β -sum in Eq. (8) .
The exchange stiffness constant A ex was obtained from the spin wave stiffness constant D using Eq. (2). The saturation magnetization M s was determined as the magnetic moment per unit cell (always including the contributions of all atomic types). The Landé factor was taken as g = 2.1 [16, 17] .
B. Computational method
The calculations were performed within the ab-initio framework spin-density functional theory, relying on the generalized gradient approximation (GGA) using the Perdew, Burke and Ernzerhof (PBE) functional. The electronic structure was calculated in a scalar-relativistic mode using the spin-polarized multiple-scattering or Korringa-Kohn-Rostoker (KKR) Green function formalism [18] as implemented in the sprkkr code [19] . The disorder was treated within the coherent potential approximation (CPA). The potentials were subject to the atomic sphere approximation (ASA) and for the multipole expansion of the Green function, an angular momentum cutoff ℓ max =3 was used. For each dopant concentration, the equilibrium lattice constant a 0 was determined by minimizing the total energy. The exchange coupling constants J (αβ) 0j
were evaluated from the electronic structure using the prescription of Liechtenstein et al. [8] .
Taking the limit lim η→0 D(η) in Eq. (6) for large R 0j requires a very dense mesh in the k-space to avoid numerical errors for the structure constants. In our case the situation is not so critical because we are dealing with alloys, meaning that the requirements on the extent of the j -sum in Eq. (8) and on the density of the k-mesh in evaluating the J (αβ) 0j constants are not so demanding. The k-space integration was carried out via sampling on a regular mesh corresponding to 62×62×62 points in the full Brillouin zone and the j -sum in Eq. (8) covered interatomic distances up to 20.5 a 0 (corresponding to about 136000 atomic sites). With these settings numerically accurate values of D(η) were obtained for η ranging from 0.2 to 1. The extrapolation to η = 0 was done using a fifth-degree polynomial.
A proper description of magnetism of Gd requires going beyond the GGA. Many aspects of magnetism of rare earth metals can be described within the open-core formalism, where the f electrons are treated as tightly bound core electrons and their number is kept fixed to and integer number during the self-consistency loop [20] . In particular it was shown that the exchange coupling of Gd and its compounds can be described by the open core formalism quite well [21] [22] [23] . Therefore we employ it here when discussing the impact of doping by Gd atoms. More specifically, we used a mixed approach where we first calculate the electronic structure of Gd-doped Py via the open core formalism and then we use the self-consistent potential obtained thereby to evaluate the exchange coupling constants in a standard way, i.e., treating the Gd f -electrons as valence electrons. To check whether this approach is justified, we compared the density of states (DOS) obtained via both approaches. We found that the positions of the Gd f -states practically do not depend on whether they are provided by the open core calculation itself or whether they are derived from the peaks in the density of the Gd f -states obtained by a "standard" calculation for the potential generated by the open-core formalism (data not shown). It turns out in the end that use of the open core formalism is not crucial, the stiffness constants obtained in this way are very close to the constants obtained by relying solely on the band-like description of the f -electrons. The equilibrium lattice constant a 0 was evaluated always within the GGA, for all dopant types. III. RESULTS
A. Comparing calculated values for D and Aex with experiment
Results obtained for the equilibrium lattice constant a 0 , magnetization per unit cell M s , and spin wave stiffness D for V-doped Py are shown in Tab. I. As discussed in Sec. II A, we show D obtained when treating the moments of the V atoms as supporting, i.e., omitting them in the α -sum in Eq. (7) but keeping them in the β -sum in Eq. (8) . The magnetic moments of the V atoms are oriented antiparallel to the moments at the Fe and Ni atoms, therefore the magnetization M s decreases rapidly with increasing concentration of the V atoms.
Analogous results for Gd-doped Py are shown in Tab. II. The magnetic moments at Gd atoms are intrinsic, therefore attention should be paid to how they are treated. We present here D calculated by three different methods: (i) ignoring the moments at Gd atoms altogether [omitting them both in the α -sum and in the β -sum in Eqs. (7)- (8)], (ii) treating them as supporting [omitting them in the α -sum in Eq. (7) but keeping them in the the β -sum in Eq. (8)], and (iii) treating the Gd moments equally as the Fe and Ni moments (including them in the α -sum and in the β -sum). It is obvious from Tab. II that the way the Gd moments are treated does not really matter for the spin wave stiffness of Gd-doped Py.
The influence of using the open core formalism for Gddoped Py is shown in Tab. III. It contains the magnetization M s and the spin wave stiffness D calculated for the [24] . The experimentally observed decrease of D with increasing Pt concentration is similar to the decrease obtained by theory.
Our focus is on comparing the trends of D and A ex with the dopant concentration for different dopant types. This is inspected in Fig. 1 . One can see that the spin wave stiffness D for V-doped Py and Gd-doped Py is practically the same. The difference appears only for the exchange stiffness A ex and stems from the differences in the magnetization for these two systems (cf. the third columns of Tabs. I and II). The experimental data are shown in the bottom graph of Fig. 1 . Both experiment and theory suggest that the decrease of the exchange stiffness A ex with increasing dopant concentration is approximately linear and that this decrease is quickest for the V dopant and slowest for the Pt dopant.
Concerning the absolute values of A ex , part of the difference between theory and experiment is due to the temperature effects. The theoretical data are for zero temperature. The experimental data were obtained by fitting the temperature-dependence of the magnetization to the Bloch law while assuming implicitly that the stiffness it- self does not depend on temperature [5] [6] [7] . This is, however, not the case [24] [25] [26] [27] meaning that the experimental values for A ex in Fig. 1 correspond to an unknown effective temperature. Presumably the effect of this will not be very large: Temperature-dependent measurements of the spin wave stiffness of doped Py indicate that at room temperature the constant D decreases to about 90 % of its zero-temperature value [24] .
One of the intensively studied fundamental question in connection with the spin dynamics of doped ferromagnets has been about the role of the magnetism of dopant atoms on the exchange and spin wave stiffness in Eqs. (7)- (8) for all atoms on the same footing (full lines), by completely ignoring the coupling constants for the dopants (dashed lines), and by additionally suppressing the exchange field B for the dopant atoms (circles). [3, 7] . We have shown already that the difference in the exchange stiffness A ex between V-doped and Gd-doped Py is because of the difference in the magnetization of these systems, which in turn stems from different magnetic moments at Gd and V atoms. We have also shown that for Gd doping it does not matter for D whether the Gd moments are included in Eqs. (7)- (8) or not (Tab. II). Let us now turn to the spin wave stiffness for Py doped with V and Pt, both of which are easy to polarize, and compare D evaluated via two extreme approaches: (i) by treating the dopants equally as the host atoms concerning the coupling, i.e., both sums α in Eq. (7) and β in Eq. (8) include also the dopant atoms, and (ii) by ignoring the coupling for the dopants altogether, i.e., neither of the sums α and β includes the dopants. The difference between both approaches can be seen Fig. 2 , where we display the results for Pt-and V-doping only; the data for Gd-doped Py are very similar to V-doped Py (cf. the upper panel of Fig. 1 ). One can see that even though ignoring the coupling for the dopants decreases the values of D by up to 20 % (depending on the concentration), the overall trend and especially the difference between the effect of both dopants does not change. To proceed further, we performed another calculation where the effective local exchange field B was suppressed for the Pt and V dopants. The results (depicted by the circles in Fig. 2 ) are nearly identical to the situation when the exchange coupling involving the dopant atoms is ignored.
We conclude from this that the polarizability of the dopants does not have a significant influence on the spin wave stiffness D of doped permalloy. The reason why different dopants lead to different results for D must be elsewhere, presumably in the details of the electronic structure and the related hybridization (see Sec. III C below). accounted for when evaluating Eq. (8) for undoped permalloy and for permalloy doped by 2.5 % and 10 % of V (left) and Pt (right).
B. Influence of dopants on the exchange coupling
In the following we consider the mechanism through which different dopants affect the stiffness of permalloy. The first information concerns the size of the region which effectively determines the spin wave stiffness constant D. We mentioned already that to get good numerical stability, the sum over the sites j in Eq. (8) has to include sites at very large distances R 0j [9] . For a deeper insight, the dependence of the stiffness constant D on the maximum distance R and the amplitude of these oscillations decays very slowly. This is why the sum in Eq. (8) has to cover large distances R 0j and why the damping factor η has been introduced [9] .
It is evident from Fig. 3 that significant variations of the spin wave stiffness constant D occur within few nearest shells -up to about 2a 0 (a 0 is the lattice constant). Afterwards, D just oscillates around the mean value. If the difference in D for two dopant concentrations is big for large R
(max) 0j
, it is big also for small R (max) 0j
and vice versa. The difference between V and Pt concerning the rate how D decreases with increasing dopant concentration (see Fig. 1 ) is evident for small values of R (max) 0j already. Including large distances R 0j when evaluating Eq. (8) is thus necessary just for technical reasons -to ensure the numerical stability.
Further information how the nearest neighborhood affects the spin wave stiffness comes from the exchange coupling constants. Fig. 4 shows them for the (Fe-Fe), (Fe-Ni) and (Ni-Ni) pairs if they form the nearest neigh- bors and the next-nearest neighbors. Even though the stiffness constant D has to be evaluated including also pairs whose members are much further apart, the main feature can be seen from J 01 and J 02 already: For the (FeNi) and (Ni-Ni) pairs, the coupling constants for V-doped and Gd-doped Py are very similar whereas for Pt-doped Py they differ. As Ni has by far the highest concentration in our systems, this explains why the spin wave stiffness constant D is similar for the V and Gd dopants and different for the Pt dopant. Based on this, one can speculate that even though a formal evaluation of D requires performing the sum j in Eq. (8) up to a large distance R (max) 0j
, the bare influence of the doping might be accounted for by a more simple quantity. Let us focus on the effective total coupling defined as
or, more specifically for our alloy system [cf. Eqs. (7)- (8)],
This quantity is related to the mean-field Curie temperature via
For a translationally-periodic system, one does not need to perform the j -sum in Eq. (10) explicitly, the J 0 constant can be evaluated from the scattering paths operators in a similar way as the individual J ij constants [8] .
The spin wave stiffness constant D is plotted as a function of the effective total coupling J 0 (or, equivalently, T To simplify matters even more, one can ask whether the influence of impurities could be possibly described just by focusing on the nearest neighbors. Therefore we inspect the dependence of the stiffness constant D on the effective coupling originating from the nearest neighbors only,
The constant J 
is now bigger than in the case of the D(J 0 ) dependence but still quite small. Indeed, by relying on Eq. (13), one can get the dependence of D on the impurity concentration with a similar accuracy as by relying on Eq. (11) -compare the lower right panel of Fig. 5 with the lower left panel of the same figure. One could thus say that the trend of the spin wave stiffness with the dopant concentration is, to a decisive degree, determined by the coupling between the nearest neighbors. As concerns the value of the stiffness constant D, it depends on the interaction within few nearest shells -see Fig. 3 and the related text at the beginning of Sec. III B. 
C. Influence of dopants on the electronic structure
The next step is to inspect the electronic structure. The changes in the DOS for the Fe and Ni atoms caused by the doping can be seen in Fig. 6 , where we show in the same graphs the data for undoped Py and for Py doped by 10 % of V, Gd, and Pt. For the V dopant the changes are minimal: the corresponding DOS curves are hardly distinguishable from each other. For the Pt dopant, the changes are more significant. Still larger but as a whole similar changes can be observed also for the Gd dopant. Based on Fig. 6 , one would infer that the hybridization between the electronic states of the host and of the dopant is largest for the Gd dopant and smallest for the V dopant.
Reckoning the results discussed so far, there seems to be a difference in the picture offered by inspecting the J ij constants in Fig. 4 and by inspecting the DOS in Fig. 6 . The analysis of the coupling constants suggests that the V and Gd dopants have a similar effect on the electronic structure (which determines the J ij 's) whereas the influence of the Pt dopant is different. This follows also from spin wave stiffness D shown in Fig. 1 . On the other hand, the analysis of the DOS suggests that qualitatively similar effects should follow from introducing the Gd and Pt dopants whereas it is the V dopant which differs.
A more thorough view on the electronic structure of alloys is provided by the Bloch spectral function A(k, E), which can be viewed as a k-resolved DOS. The effect of introducing 10 % of V, Gd, and Pt into Py is shown in Fig. 7 . The picture emerging from this is different from the picture offered by the DOS. The smallest changes in A(k, E) with respect to undoped Py are clearly for the Pt dopant. The changes introduced by V or Gd doping are bigger. Based on Fig. 7 , one would assess that the changes in the electronic structure introduced by doping Py with Pt are significantly smaller than the changes introduced by doping Py with V or Gd. This intuitively implies that for the Pt dopant the changes in the values of D will be smaller than for the V or Gd dopants -in agreement with the results presented in Sec. III A. The Bloch spectral function thus offers a more reliable picture than the DOS.
IV. DISCUSSION
Ab-initio calculations reproduce the experiment both as concerns the dependence of A ex on the chemical type of the dopant and as concerns the dependence of A ex on the dopant concentration. Regarding the absolute numbers, there are some differences, both between our theory and experiment and between our theory and earlier calculations. In particular our value of the spin wave stiffness D for undoped permalloy Fe 19 theoretical values. This is probably linked to problems with describing the exchange coupling of Ni in terms of the coupling constants J ij -there is an even larger difference between theory and experiment for D of fcc Ni [9, 28] . Besides, the difference between our values for A ex and the experiment is probably affected also by the temperature-dependence of D, which affects the interpretation of some experiments (as mentioned in Sec. III A). The fact that the spin wave stiffness D and the exchange stiffness A ex are related through magnetization [see Eq. (2)] which itself is affected by the doping means that there may be situations where doping by two different materials will lead to a similar D but a different A ex (or vice versa). In particular we found that the spin wave stiffness D for V-doped Py and Gd-doped Py is very similar but there is a difference in the exchange stiffness A ex which arises just from the difference in the magnetization (cf. Fig. 1 ).
The influence of doping on the stiffness D can be discussed just by considering the influence of the atoms in the first coordination shell (Fig. 5 ). This might appear as surprising reckoning the slow convergence of the sums on Eqs. (5) or (8) [9] . The explanation might be that what we investigate in Fig. 5 is just the variation of D with the doping. Eq. (13), which we used for our analysis, was derived by fitting the D(J 1 ) dependence relying on the values of D evaluated by extending the j -sum to the interatomic distance as large as 20.5 a 0 . However, once the fit according to Eq. (13) has been established, one can predict how the doping will influence the stiffness D just by considering the nearest-neighbors coupling. Our fit has been verified for three quite different dopants so presumably it can be used to assess the effect of doping by other elements as well. This can be helpful in current efforts to manipulate spin-driven properties of materials.
Our results indicate that it does not really matter whether the exchange coupling between the host atoms and the dopant atoms is included in the stiffness calculation or not; the values of D are by about 5 % smaller in the latter case but the trends are very similar (see Tab. II and Fig. 2 ). This indicates that neither the polarizability of the dopant nor the exchange coupling between the dopant atoms and the host atoms are decisive factor for the spin wave stiffness D (unlike what was conjectured before, see for example Refs. [3, 7] ). The hybridization between the host states and the dopant states (or lack of it) is more important than the dopant polarizability. Interestingly, this hybridization has to be assessed not from the DOS -which contains only a limited information -but from the Bloch spectral function (cf. Figs. 6 and 7). The fact that inspecting the Bloch spectra function provides a better insight than inspecting the DOS alone can be seen as a demonstration that the exchange coupling constants J ij reflect the full electronic structure, including its k-dependence.
Earlier studies indicated that the exchange coupling in 4f -electron systems cannot be properly described within the local density approximation or the GGA. Employing the open core formalism was suggested and tested for this purpose [21] . In our case we found, nevertheless, that the stiffness of Gd-doped Py calculated within the open-core formalism and within the GGA is very similar. The reason for this might be that as the Gd atoms are here just impurities, their f electrons are localized "naturally", by the lack of their hybridization with the host states. A further reduction of the hybridization of the Gd f states via the open core formalism is thus not needed.
V. CONCLUSIONS
Ab-initio calculations for doped permalloy indicate that the exchange stiffness constant A ex decreases with increasing dopant concentration. This decrease is most rapid for the V dopant followed by the Gd dopant, the slowest decrease is for the Pt dopant -in agreement with experiment. The influence of the V-doping and the Gd-doping on the spin wave stiffness D is very similar, the difference in the influence of the doping on the exchange stiffness A ex comes from the differences in the magnetization M s for V-doped and Gd-doped Py. The rate of change of the spin wave stiffness upon introducing the dopants can be discussed by just considering the influence of the atoms in the first coordination shell. The hybridization between impurity and host states is more important for the stiffness than the polarizability of the impurity. 
